Some criteria for the boundedness, as well as for the compactness, of the generalized weighted composition operator D n ϕ,u from α-Bloch spaces into weighted-type spaces are given. Estimates for the norm and the essential norm of the operator are also given. Our results extend and complement some results in the literature.
Introduction
When u(z) ≡ , then the weighted composition operator is reduced to the composition operator, usually denoted by C ϕ , while for ϕ(z) ≡ z, it is reduced to the multiplication operator, usually denoted by M u .
A natural generalization of the weighted composition operator is the generalized weighted composition operator [] or the weighted differentiation composition operator
where n ∈ N  , u ∈ H(D), and ϕ is an analytic self-map of D. Clearly, when n =  and 
j=n is bounded (respectively, convergent to  as j → ∞). Moreover, we give some estimates for the norm, as well as for the essential norm of the operator
Recall that the essential norm of the operator T : X → Y is its distance to the set of compact operators K mapping X to Y , that is,
where X and Y are Banach spaces and · X→Y is the operator norm. Consequently, T e,X→Y =  if and only if T is compact. Throughout the paper, we denote by C a positive constant which may differ from one occurrence to the next. We write P Q if there exists a positive constant C independent of the quantities P and Q such that P ≤ CQ. The symbol P ≈ Q means that P Q P.
Boundedness of
Note that
In this section, we will use this family of functions, as well as the sequence of functions (j α- p j ) j∈N to characterize the boundedness and compactness of
Theorem . Let n be a positive integer, α > , μ a weight, u ∈ H(D), and ϕ be an analytic self-map of D.
Then the following statements are equivalent.
then the following asymptotic relations hold:
D n ϕ,u B α →H ∞ μ ≈ D n ϕ,u B α  →H ∞ μ ≈ M  ≈ max M  , u H ∞ μ ≈ M  . (  ) Proof (a) ⇒ (b) Since B α  ⊂ B α ,
this implication, as well as the inequality
is obvious. 
for every j ∈ N, proving (c), as well as the asymptotic relation
, which also holds for m = , i.e., n =  in our case, we have that there is a δ >  such that
for every j ≥ k + , where k is the smallest natural number such that
The finiteness of M  implies u ∈ H ∞ μ . Hence, as in the first case, we have
On the other hand, since
From (), () and (), the boundedness of
the family of functions (f w ) w∈D is uniformly bounded in B α . Furthermore
By Stirling's formula, we have
Using this fact, the linearity and continuity of the operator, we get
For any fixed r ∈ (, ), from (), we have
On the other hand, from u ∈ H ∞ μ , we have
Therefore, () and () yield the inequality of (e), as well as the asymptotic relation
and k ∈ N, we see that
for some constant C independent of f . Therefore, for z ∈ D, we have
where C is independent of f . Taking the supremum in () over D and then using the first condition in (e) we see that D 
Then the following statements hold: 
Furthermore, these statements hold as well for the sequence of biadjoints L * * j on B α .
To study the compactness, we also need the following lemma, which can be proved in a standard way (see, for example, Proposition . in [] 
Now we are ready to state and prove the main results in this section.
Theorem . Let n be a positive integer, α > , μ a weight, u ∈ H(D), and ϕ be an analytic
Proof First note that the inequality 
for any given compact operator
Letting j → ∞ in the last relation and using (), we obtain 
